Abstract-We show that in a cavity soliton laser based on a VCSEL with a saturable absorber the solitons can spontaneously move. A key parameter ruling the dynamical instability is the ratio of the carrier lifetimes in the amplifier and in the absorber. The direction of the spontaneous motion is arbitrary but it can be controlled by injecting a low-intensity guiding beam for a short interval of time. The final velocity of the moving soliton is determined by the parameters of the system.
INTRODUCTION
Cavity solitons (CSs) are bright intensity peaks over a dark homogeneous background. They typically arise in the coherent field transmitted by nonlinear optical resonators driven by a homogeneous holding beam, and are generated through diffraction-mediated light-matter interaction which leads to field self-localization within the cavity [1] . CSs have been experimentally demonstrated in broad area, driven vertical cavity surface emitting lasers (VCSELs) below and above threshold [2, 3] . A radical simplification could be achieved implementing the concept of Cavity Soliton Laser (CSL), i.e., a device generating CS without holding beam. Such a device, in addition to having maximum contrast between the CSs and the homogeneous background, would have tremendous advantages in terms of simplicity, robustness, and compactness, especially if realized in semiconductor-based microresonators.
The first theoretical prediction of dissipative optical localized structures (autosolitons) in a laser with a saturable absorber was proposed by Rosanov and co-workers [4] in the limit of fast materials, then it was extended to the case of finite relaxation times by the same group [5] , and spontaneous motion of the localized structures was demonstrated [6] .
Here, we consider a VCSEL with an absorbing medium integrated in the cavity, taking into account the finite relaxation rates of the material, the saturable dispersion associated with the linewidth enhancement factors [7] , and the radiative recombination processes typical of semiconductors [8] . Different methods for switching on/off CSs and the dynamical behavior of the laser during the different switching processes have been investigated [9] .
The first experimental demonstration of a semiconductor CSL has been achieved recently with an alternative scheme in which a frequency selective feedback element is placed in an external-cavity configuration for the VCSEL [10] . More recently, a saturable absorber based semiconductor CSL has been experimentally realized with two mutually coupled broad-area semiconductor resonators, where one is pumped above transparency and plays the role of the laser, while the other one plays the role of the saturable absorber [11] .
In this paper, we investigate the mechanism giving rise to a dynamical instability leading to the spontaneous motion of cavity solitons. A key role is played by the ratio between nonradiative recombination lifetimes in the amplifier and in the absorber.
DYNAMICAL EQUATIONS
The dynamics of a laser with saturable absorber can be described by the following set of equationṡ
and b 1 (β and b 2 ) are the linewidth enhancement factor and the ratio of the photon lifetime to the carrier lifetime in the active (passive) material, µ is the pump parameter of the active material and γ is the absorption parameter of the passive material, s is the saturation parameter and B is the coefficient of radiative recombination. For more details on the definition of the parameters see [7, 8] . Time is scaled to the photon lifetime, and space to the diffraction length. Typically a time unit is ∼ 4 ps and a space unit ∼ 4 µm. The parameters s = 1, γ = 2, α = 2, β = 1, b 1 = 0.01, B = 0.1 are kept fixed throughout the paper. We use as free parameters the pump µ and the ratio r = b 2 /b 1 = τ 1 /τ 2 of the carrier lifetime in the active and in the passive medium.
The homogeneous stationary solution of Equations (1)- (3) consists in a lower branch corresponding to the non-lasing (off) state, that is stable up to the laser threshold µ thr , and an upper branch which, for our choice of the parameters, is modulationally unstable everywhere in the positive slope part (solid line in Fig. 1 ) [8] . Numerical integration is performed for different values of the pump parameter µ via a split-step method on a 128 × 128 spatial grid (we use fast Fourier transform for integrating the diffraction term and Runge-Kutta for the rest).
In Fig. 1 , we show the homogeneous stationary solution (solid line) and CS branch (dashed line), as a function of the pump parameter µ. The linear stability analysis of the stationary CS solution can be performed via a Newton-Raphson method. The parameter r = b 2 /b 1 = τ 1 /τ 2 has a significant effect on CS stability, as it can be seen by looking at Fig. 2 . If one considers the stable CS with r ≥ 0.72 and µ = 5.0, reduces r keeping µ fixed (crossing the instability boundary of Fig. 2 from above) , the CS undergoes a dynamical instability, which is responsible for spontaneous moving of CS, as we can see when we numerically integrate the dynamical equations. As a matter of fact, starting the simulation from a stationary CS, after an initial motionless stage it begins to move along a line. The direction of motion is completely arbitrary and it is determined by noise. Fig. 3 (left) shows that, after a transient accelerated motion, the CS moves with a constant velocity that depends on r. As we further decrease r below the instability threshold the velocity of the CS increases and its peak intensity decreases, as shown in Fig. 3 (right) .
For even smaller values of r, a further threshold is crossed and the moving CS is no longer stable. A fast displacement of CS requires fast transversal shift of the population deep (peak) in the amplifier (absorber) medium, and there is evidently a limit in what the system can tolerate. Depending on the values of r and µ, the system can either precipitate to the non-lasing solution or develop a turbulent behavior, similarly to what typically happens in the region above threshold µ > µ th = 5.18 [7] The stability domain of the moving CS in the plane (r, µ) is shown in Fig. 2 .
As briefly mentioned before, the direction of the CS motion is arbitrary, and it is determined by noise. This represents a strong limitation to the exploitability of this spontaneous CS motion for applications, such as a shift register or a delay line [12] . The problem could be solved if one could force the CS motion in a desired direction. This can be achieved by injecting a weak guiding beam in the vicinity of the CS for a short interval of time (hundreds of picoseconds, depending on the peak intensity and waist). The CS is immediately attracted towards the injected beam and will therefore start and perform its motion in the imposed direction, and even the initial "inertial" stage disappears. This method works for both guiding beams that have a frequency close to that of the laser field (semi-coherent injection [9] ) and for guiding beams that have a very different frequency (incoherent injection [9] ). 
CONCLUSION
We have shown that in a CSL scheme based on a VCSEL with a saturable absorber there are parametric conditions for which the CS can exist only if it moves in the transverse plane, with a velocity that depends on the parameters of the system. CS velocity is of the order of a few µm/ns. The possibility of handling the CS route by injecting a low-intensity guiding beam is one of the most remarkable properties.
